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When the space C(X) of continuous real-valued functions on X has the uniform topology,
the space H(C(X)) of homeomorphisms on C(X) is a topological group when it has the
ﬁne topology. This article shows that for certain subgroups F and G of H(C(X)) and
H(C(Y )), respectively, there is a natural one-to-one correspondence between a certain
set of topological isomorphisms from F onto G and a certain set of homeomorphisms
from C(X) onto C(Y ) that relate to F and G. A number of examples are given of types
of subgroups of H(C(X)) that satisfy this Correspondence Theorem and a weaker version
of it.
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1. Introduction
For a topological space X , C(X) denotes the space of continuous real-valued functions on X with the uniform topology
generated by the supremum metric ρ deﬁned by
ρ( f , g) = min{1, sup{∣∣ f (x) − g(x)∣∣: x ∈ X}}
for all f , g ∈ C(X). Also H(C(X)) denotes the space of homeomorphisms on C(X) with the ﬁne topology having a base
consisting of sets of the form
B(F , ε) = {F0 ∈ H
(
C(X)
)
: ρ
(
F0( f ), F ( f )
)
< ε( f ) for all f ∈ C(X)}
where F ∈ H(C(X)) and ε ∈ C+(C(X)) (the set of positive continuous real-valued functions on C(X)). The space H(C(X)) is
in fact a topological group, as shown in [9] (see also [1] or [2]).
For spaces X and Y and given subgroups F and G of H(C(X)) and H(C(Y )), respectively, a general problem is to ﬁnd
homeomorphisms between C(X) and C(Y ) that induce topological isomorphisms between F and G , and, conversely, to ﬁnd
topological isomorphisms between F and G that induce homeomorphisms between C(X) and C(Y ).
We give one solution to this problem by developing what is called the Correspondence Theorem that for certain F and G
gives a natural one-to-one correspondence between a certain set of topological isomorphisms from F onto G and a certain
set of homeomorphisms from C(X) onto C(Y ) that relate to F and G . Also a Weak Correspondence Theorem is given that
is satisﬁed by a larger family of subgroups F and G , but whose correspondence is only an injection rather than a bijection.
In the last section, we give a selection of examples of types of subgroups of H(C(X)) that are interesting enough to give
names to. These illustrate types of subgroups of H(C(X)) that satisfy the hypotheses of either the Correspondence Theorem
or the Weak Correspondence Theorem.
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with the ﬁne topology can be found in [3,5,6,12]. We use [4] for general topological references.
2. The Correspondence Theorem
A space is said to be homogeneous provided that for each two points in the space there is a homeomorphism on the
space mapping one of the points to the other. We deﬁne a subgroup F of H(C(X)) to be homogeneous enabling provided
that for each two functions in C(X) there is an F ∈ F mapping one of the functions to the other.
For the next ﬁve propositions, let F and G stand for homogeneous enabling subgroups of H(C(X)) and H(C(Y )), re-
spectively. For such F and G , let F0 and G0 be the subgroups of F and G , respectively, consisting of members that map 0
to itself. An isomorphism Φ from F onto G is a 0-isomorphism provided that Φ(F0) = G0.
A bijection φ from C(X) onto C(Y ) is a 0-bijection provided that φ(0) = 0. In addition, if φ is a homeomorphism, then it
is a 0-homeomorphism whenever φ(0) = 0. A 0-bijection φ from C(X) onto C(Y ) is compatible with F and G provided that
for every F ∈ F, φFφ−1 ∈ G, and
for every G ∈ G, φ−1Gφ ∈ F .
Proposition 2.1. Every 0-bijection φ from C(X) onto C(Y ) that is compatible with F and G induces a 0-isomorphism φ∗ from F
onto G , deﬁned by
φ∗(F ) = φFφ−1
for all F ∈ F . Also the inverse of φ∗ is given by (φ∗)−1 = (φ−1)∗ .
Proof. Note that φ∗ is well deﬁned since φ is compatible with F and G . To show that φ∗ is a homomorphism from F
into G , let F1, F2 ∈ F . Then
φ∗
(
F−12 F1
) = φF−12 F1φ−1
= φF−12 φ−1φF1φ−1
= (φF2φ−1
)−1
φF1φ
−1
= (φ∗(F2)
)−1
φ∗(F1).
A similar argument shows that (φ−1)∗ is a well deﬁned homomorphism from G into F .
To show that (φ−1)∗φ∗ is the identity on F , let F ∈ F . Then
(
φ−1
)∗
φ∗(F ) = φ−1φFφ−1φ = F .
Similarly, φ∗(φ−1)∗ is the identity on G . Therefore, φ∗ is a bijection with inverse (φ∗)−1 = (φ−1)∗ , showing that φ∗ is an
isomorphism from F onto G .
Finally, to see that φ∗ is a 0-isomorphism, let F ∈ F0. Then since φ is a 0-bijection,
φ∗(F )(0) = φFφ−1(0) = φF (0) = φ(0) = 0,
so that φ∗(F ) ∈ G0. Similarly, φ∗(G) ∈ F0 for all G ∈ G0, and thus φ∗ is a 0-isomorphism. 
Proposition 2.2. Every 0-isomorphism Φ from F onto G induces a 0-bijection Φ∗ from C(X) onto C(Y ) that is compatible with F
and G , deﬁned by
Φ∗( f ) = Φ(F )(0)
for all f ∈ C(X), where F is any element of F such that F (0) = f . Also the inverse of Φ∗ is given by (Φ∗)−1 = (Φ−1)∗ .
Proof. To show that Φ∗ is a well deﬁned function, let f ∈ C(X) and let F1, F2 ∈ F be such that F1(0) = f = F2(0). Then
F−12 F1(0) = 0, so that F−12 F1 ∈ F0. This means that Φ(F−12 F1) ∈ G0, and hence Φ(F−12 F1)(0) = 0. But
Φ
(
F−12 F1
) = Φ(F2)−1Φ(F1),
so that
Φ(F1)(0) = Φ(F2)Φ
(
F−12 F1
)
(0)
= Φ(F2)(0).
R.A. McCoy / Topology and its Applications 157 (2010) 1101–1109 1103This shows that Φ∗( f ) is independent of the choice of F in F such that F (0) = f , and so Φ∗ is a well deﬁned function
from C(X) into C(Y ).
To show that (Φ−1)∗Φ∗ is the identity on C(X), let f ∈ C(X), let F ∈ F be such that F (0) = f , and let G ∈ G be such
that G(0) = Φ∗( f ). From the argument above, we are free to choose any such G , so let G = Φ(F ). Then
(
Φ−1
)
∗Φ∗( f ) = Φ−1(G)(0) = Φ−1Φ(F )(0) = F (0) = f ,
so that (Φ−1)∗Φ∗ is the identity on C(X). Similarly, Φ∗(Φ−1)∗ is the identity on C(Y ), showing that Φ∗ is a bijection with
inverse (Φ∗)−1 = (Φ−1)∗ .
Finally, to see that Φ∗ is a 0-bijection, let F ∈ F be such that F (0) = 0. Then F ∈ F0, so that Φ(F ) ∈ G0, and hence
Φ(F )(0) = 0. Therefore, Φ∗(0) = Φ(F )(0) = 0, and so Φ∗ is a 0-bijection. 
Proposition 2.3. For φ and Φ in Propositions 2.1 and 2.2, (φ∗)∗ = φ and (Φ∗)∗ = Φ . So there is a natural one-to-one correspondence
between the set of 0-isomorphisms from F onto G and the set of 0-bijections from C(X) onto C(Y ) that are compatible with F and G .
Proof. To show that (φ∗)∗ = φ, let f ∈ C(X) and let F ∈ F be such that F (0) = f . Then
(
φ∗
)
∗( f ) = φ∗(F )(0)
= φFφ−1(0)
= φF (0)
= φ( f ),
showing that (φ∗)∗ = φ.
To show that (Φ∗)∗ = Φ , let F ∈ F , let g ∈ C(Y ), and let G ∈ G be such that G(0) = g . Then
(Φ∗)∗(F )(g) = Φ∗F (Φ∗)−1(g)
= Φ∗F
(
Φ−1
)
∗(g)
= Φ∗FΦ−1(G)(0)
= Φ(FΦ−1(G))(0)
= Φ(F )G(0)
= Φ(F )(g),
showing that (Φ∗)∗ = Φ . 
The next proposition needs a general lemma about metric spaces. In our metric spaces, B(x, ε) denotes the open ball
centered at x with radius ε.
Lemma 2.4. If f is a continuous function from metric space X into metric space Y and if β ∈ C+(Y ), then there exists an α ∈ C+(X)
such that
f
(
B
(
x,α(x)
)) ⊆ B( f (x),β( f (x)))
for all x ∈ X.
Proof. By the continuity of β , for each x ∈ X there exists a neighborhood Vx of f (x) in Y contained in B( f (x), β( f (x))/4)
such that β(y) > β( f (x))/2 for all y ∈ Vx . To see that
Vx ⊆ B
(
y, β(y)
)
for all y ∈ Vx , let y ∈ Vx and let y0 ∈ Vx . Then
y0 ∈ B
(
f (x), β
(
f (x)
)
/4
) ⊆ B( f (x),β(y)/2).
But for the same reason, y ∈ B( f (x), β(y)/2), so that y0 ∈ B(y, β(y)) by the triangle inequality; showing that Vx ⊆
B(y, β(y)).
By the continuity of f , for each x ∈ X there exists a real number rx > 0 such that f (B(x,2rx)) ⊆ Vx . Let U be a locally
ﬁnite open reﬁnement of the open cover {B(x, rx): x ∈ X} of X . For each U ∈ U , let xU ∈ X with U ⊆ B(xU , rxU ). Now deﬁne
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σ(x) = min{rxU : U ∈ U and x ∈ U }.
One can check that σ is lower semi-continuous, so that there exists an α ∈ C+(X) with α < σ .
To show that
f
(
B
(
x,α(x)
)) ⊆ B( f (x),β( f (x)))
for all x ∈ X , let x ∈ X and let x0 ∈ B(x,α(x)). There is some U ∈ U with x ∈ U , and hence α(x) < σ(x) rxU . Now
x ∈ U ⊆ B(xU , rxU )
and
x0 ∈ B
(
x,α(x)
) ⊆ B(x, rxU ),
so that x0 ∈ B(xU ,2rxU ) by the triangle inequality. Then
f (x0) ∈ f
(
B(xU ,2rxU )
) ⊆ VxU .
But also f (x) ∈ VxU , so that
VxU ⊆ B
(
f (x),β
(
f (x)
))
from the argument in the ﬁrst paragraph. Therefore, f (x0) ∈ B( f (x), β( f (x))), showing that f (B(x,α(x))) ⊆ B( f (x),
β( f (x))). 
Proposition 2.5. If the φ in Proposition 2.1 is a 0-homeomorphism, then φ∗ is a topological 0-isomorphism.
Proof. To show that φ∗ is continuous, let F ∈ F and ε ∈ C+(C(Y )). We need to ﬁnd a δ ∈ C+(C(X)) such that for every
F0 ∈ F with
ρ
(
F0( f ), F ( f )
)
< δ( f ) for all f ∈ C(X),
it is true that
ρ
(
φF0φ
−1(g),φFφ−1(g)
)
< ε(g) for all g ∈ C(Y ).
In Lemma 2.4, use C(X), C(Y ), φF−1 and εφF−1φ−1 for X , Y , f and β to obtain an α. Deﬁne δ = αF , which is an element
of C+(C(X)).
Now let F0 ∈ F with
ρ
(
F0( f ), F ( f )
)
< δ( f ) for all f ∈ C(X),
and let g ∈ C(Y ). If f = φ−1(g), then ρ(F0( f ), F ( f )) < δ( f ). Therefore,
ρ
(
F0φ
−1(g), Fφ−1(g)
)
< δ
(
φ−1(g)
) = α(Fφ−1(g)).
So by Lemma 2.4,
ρ
(
φF0φ
−1(g),φFφ−1(g)
)
< εφF−1φ−1
(
φ
(
Fφ−1(g)
)) = ε(g).
This shows that
φ∗
(
B( f , δ)
) ⊆ B(φ∗(F ), ε),
and thus φ∗ is continuous. A similar argument shows that (φ∗)−1 = (φ−1)∗ is continuous, so that φ∗ is a homeomor-
phism. 
The next proposition needs to use a local type of homogeneity as well as the usual homogeneity. A space is said to be
strongly locally homogeneous provided that it has an open base U such that for all U ∈ U and points x, y ∈ U , there is a
homeomorphism on the space mapping x to y and ﬁxing all points not in U (see [13, p. 261] or [14, p. 64]). We deﬁne a
subgroup F of H(C(X)) to be strongly locally homogeneous enabling provided that C(X) has an open base W such that for
all W ∈ W and functions f1, f2 ∈ W , there is an F ∈ F with F ( f1) = f2 and F (g) = g for all g /∈ W .
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is a topological 0-isomorphism, then Φ∗ is a 0-homeomorphism.
Proof. To show that Φ∗ is continuous, let f0 ∈ C(X) and let ε > 0. Also let F0 ∈ F with F0(0) = f0, and let G0 = Φ(F0).
Finally, let β ∈ C+(C(Y )) be the constant function with value ε. Since Φ is continuous, there exists an α ∈ C+(C(X)) such
that
Φ
(
B(F0,α)
) ⊆ B(G0, β).
Suppose, by way of contradiction, that for each n ∈ N there exists an fn ∈ F−10 (B( f0,1/n)) with α( fn)  2/n. Then the
sequence 〈F0( fn)〉 converges to f0, and hence by the continuity of F−10 , the sequence 〈 fn〉 converges to F−10 ( f0) = 0. So by
the continuity of α, the sequence 〈α( fn)〉 converges to α(0) > 0. But this contradicts α( fn)  2/n for all n, so that there
exists a δ > 0 such that α( f ) > 2δ for each f ∈ F−10 (B( f0, δ)).
Now C(X) has an open base W satisfying the deﬁnition of F being strongly locally homogeneous enabling. So let
W ∈ W such that f0 ∈ W ⊆ B( f0, δ). To show that Φ∗(W ) ⊆ B(Φ∗( f0), ε), let f1 ∈ W . Then there exists an F1 ∈ F such
that F1( f0) = f1 and F1( f ) = f for all f /∈ W . Deﬁne F = F1F0, which is in F , and note that F (0) = f1.
To show that F ∈ B(F0,α), let f ∈ C(X). If f ∈ F−10 (W ), then f ∈ F−10 (B( f0, δ)), and hence α( f ) > 2δ. Now F ( f ) =
F1F0( f ) ∈ F1(W ) = W ⊆ B( f0, δ). But also F0( f ) ∈ W ⊆ B( f0, δ), so that F ( f ) ∈ B(F0( f ),2δ) ⊆ B(F0( f ),α( f )). If f /∈
F−10 (W ), then F0( f ) /∈ W , so that F ( f ) = F1F0( f ) = F0( f ); and clearly F ( f ) ∈ B(F0( f ),α( f )). Since this is true for all f ,
F ∈ B( f0,α).
It now follows that
Φ(F ) ∈ B(G0, β),
and hence
Φ∗( f1) = Φ(F )(0)
∈ B(G0(0),β(0)
)
= B(Φ∗( f0), ε
)
.
Therefore,
Φ∗(W ) ⊆ B
(
Φ∗( f0), ε
)
,
showing that Φ∗ is continuous. A similar argument shows that (Φ∗)−1 = (Φ−1)∗ is continuous, so that Φ∗ is a homeomor-
phism. 
The previous ﬁve propositions establish the following two theorems.
Correspondence Theorem 2.7. If F and G are homogeneous enabling and strongly locally homogeneous enabling subgroups of
H(C(X)) andH(C(Y )), respectively, then there is a natural one-to-one correspondence between the set of topological 0-isomorphisms
from F onto G and the set of 0-homeomorphisms from C(X) onto C(Y ) that are compatible with F and G .
Weak Correspondence Theorem 2.8. If F and G are homogeneous enabling subgroups of H(C(X)) and H(C(Y )), respectively, then
there is a natural one-to-one correspondence between the set of 0-homeomorphisms from C(X) onto C(Y ) that are compatible with
F and G and a subset of the set of topological 0-isomorphisms from F onto G .
Notice that the set of 0-homeomorphisms from C(X) onto C(Y ) that are compatible with F and G is a subset of the
set H(C(X),C(Y )) of homeomorphisms from C(X) onto C(Y ), and thus the ﬁne topology can be deﬁned on it. It now
follows that if F and G are homogeneous enabling and strongly locally homogeneous enabling subgroups of H(C(X)) and
H(C(Y )), respectively, then the set of topological 0-isomorphisms from F onto G inherits this “ﬁne topology” by way of
the one-to-one correspondence referred to in the Correspondence Theorem.
To extend this idea for a single space X and a subgroup F of H(C(X)) that is homogeneous enabling and strongly
locally homogeneous enabling, let us deﬁne F∗0 to be the subgroup of H(C(X)) consisting of those 0-homeomorphisms G
in H(C(X)) such that GFG−1 and G−1FG are in F for all F ∈ F . Note that F∗0 ∩F = F0. One might call F∗0 the 0-subgroup
dual of F . Also let A0(F) be the topological 0-automorphism group on F (i.e., the topological 0-isomorphisms from F onto
itself). Then the Correspondence Theorem has the following consequence obtained by checking that (ΨΦ)∗ = Ψ∗Φ∗ for all
Φ,Ψ ∈ A0(F) and (ψφ)∗ = ψ∗φ∗ for all φ,ψ ∈ F∗0 .
Corollary 2.9. If F is a homogeneous enabling and strongly locally homogeneous enabling subgroup of H(C(X)), then A0(F) is
isomorphic to F∗0 . Consequently, A0(F) is itself a topological group under the ﬁne topology that it inherits from F∗0 .
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Before looking at examples of some types of subgroups of H(C(X)), let us look at an important kind of space that
satisﬁes the strong local homogeneity property used in the Correspondence Theorem. In particular, every locally convex
linear topological space is not only homogeneous but is also strongly locally homogeneous. The following sketch indicates
that the required homeomorphism for strong local homogeneity can be chosen to be “piecewise linear”.
Let U be a convex open set in a locally convex linear topological space E , and let x1, x2 ∈ U . For each x in ∂U , the
boundary of U , let [x1, x] be the segment between x1 and x deﬁned by
[x1, x] =
{
(1− t)x1 + tx: 0 t  1
}
.
Deﬁne the segment [x2, x] similarly. Also for each x ∈ E \ {x1}, let [x1, x,∞) be the ray from x1 through x deﬁned by
[x1, x,∞) =
{
(1− t)x1 + tx: 0 t
}
.
For x ∈ E \ {x2}, deﬁne the ray [x2, x,∞) similarly.
For each x ∈ ∂U , let Sx : [x1, x] → [x2, x] be the linear homeomorphism deﬁned by
Sx
(
(1− t)x1 + tx
) = (1− t)x2 + tx
= x2 − tx2 + tx
for all 0 t  1. Also for each x ∈ E \ {x1}, let Rx : [x1, x,∞) → [x2, x − x1 + x2,∞) be the linear homeomorphism deﬁned
by
Rx
(
(1− t)x1 + tx
) = (1− t)x2 + t(x− x1 + x2)
= x2 − tx1 + tx
for all 0 t .
Now deﬁne homeomorphism h : E → E as follows. Let x ∈ E . If x = x1, then take h(x) = x2. If x /∈ U , then take h(x) = x.
If x ∈ U \ {x1} and [x1, x,∞) ⊆ U , then take h(x) = Rx(x) = x− x1 + x2 (h maps [x1, x,∞) linearly onto [x2, x− x1 + x2,∞)).
If x ∈ U \ {x1} and [x1, x,∞)  U , then [x1, x,∞) ∩ U = [x1, x′] for x′ ∈ ∂U . In this case, take h(x) = Sx′ (x) (h maps [x1, x′]
linearly onto [x2, x′]).
To get some feel for h, one can check that if 〈xi〉 converges to x, then 〈h(xi)〉 converges to h(x) for the case that
[x1, x,∞) ⊆ U while each [x1, xi,∞)  U . From the deﬁnition of h, it can be seen that h is piecewise linear in the sense that
E can be written as the union of segments each of which maps linearly under h to a segment.
In the following examples, we give a general discussion of types of subgroups of H(C(X)), illustrating when the Corre-
spondence Theorem and/or the Weak Correspondence Theorem can apply.
3.1. The full group H(C(X))
Consider ﬁrst for F the full group H(C(X)). For each f ∈ C(X), let T f be the translation by f , deﬁned by
T f (g) = f + g
for all g ∈ C(X). Addition of functions on C(X) is continuous, so that T f is in H(C(X)). Therefore, C(X) is homogeneous
because for each f , g ∈ C(X), T g− f maps f to g . So if F = H(C(X)), then F must be homogeneous enabling.
While addition of functions on C(X) is continuous, multiplication of functions by scalars is not necessarily continuous,
so that C(X) need not be a linear topological space. In particular, multiplication by 0 is not continuous when X is not
pseudocompact. However, if B(X) denotes the subspace of C(X) consisting of its bounded members, then B(X) is a locally
convex linear topological space—in fact a Banach space. From the discussion at the beginning of this section, it follows that
B(X) is strongly locally homogeneous using homeomorphisms that are piecewise linear.
To see that C(X) is also strongly locally homogeneous, observe that for each f ∈ C(X) and 0< ε < 1,
T− f
(
B( f , ε)
) = B(0, ε) ⊆ B(X).
So the strong local homogeneity of B(X) translates to the strong local homogeneity of C(X). Therefore, if F = H(C(X)), then
F must be strongly locally homogeneous enabling. It follows that if F and G are the full groups H(C(X)) and H(C(Y )),
respectively, then F and G satisfy the Correspondence Theorem. Note that every 0-homeomorphism between C(X) and
C(Y ) is compatible with the full groups. This shows the following special case of the Correspondence Theorem.
Theorem 3.1. For every two spaces X and Y , there is a natural one-to-one correspondence between the set of topological 0-iso-
morphisms from H(C(X)) onto H(C(Y )) and the set of 0-homeomorphisms from C(X) onto C(Y ).
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Using the usual linear vector space structure on C(X), a segment [ f , g] between elements f and g of C(X) is deﬁned
by
[ f , g] = {(1− t) f + tg: 0 t  1}.
As in the discussion at the beginning of this section, a homeomorphism in H(C(X)) is called piecewise linear provided
that C(X) can be written as the union of segments each of which maps linearly under this homeomorphism to a segment.
Deﬁne the piecewise linear subgroup PL(C(X)) of H(C(X)) to be the subgroup of ﬁnite compositions of piecewise linear
members of H(C(X)).
For each f ∈ C(X), the translation T f is in PL(C(X)) because for every g ∈ C(X), the segment [g − f , g] is mapped
onto the segment [g, g+ f ] by T f . Now from the discussion about the full group, the strong local homogeneity of C(X) can
be obtained with a homeomorphism that is a composition of translations and a piecewise linear homeomorphism on B(X),
which is also a piecewise linear homeomorphism on C(X). It follows that F = PL(C(X)) is both homogeneous enabling and
strongly locally homogeneous enabling. Therefore, if F and G are the piecewise linear subgroups PL(C(X)) and PL(C(Y )),
respectively, then F and G satisfy the Correspondence Theorem. This is also true for any subgroups F and G that contain
PL(C(X)) and PL(C(Y )).
3.3. The translation subgroup T (C(X))
The set of translations T f for f ∈ C(X) is a subgroup of H(C(X)). This subgroup is naturally called the translation
subgroup, and is denoted by T (C(X)). Clearly T (C(X)) is homogeneous enabling. However, T (C(X)) is not strongly locally
homogeneous enabling because no non-identity member of T (C(X)) ﬁxes any element of C(X). Therefore, if F and G are
the translation subgroups T (C(X)) and T (C(Y )), respectively, then F and G satisfy the Weak Correspondence Theorem,
but not the Correspondence Theorem. Also any subgroups F and G that contain T (C(X)) and T (C(Y )) satisfy the Weak
Correspondence Theorem.
3.4. The vertical subgroup V(C(X))
For each space X , a ﬁber homeomorphism on X × R is a homeomorphism v on X × R such that v({x} × R) = {x} × R for
all x ∈ X . Such a v induces a bijection vˆ on C(X) deﬁned by
vˆ( f ) = v( f )
for all f ∈ C(X), where vˆ( f ) and the f on the right side of the equality are identiﬁed with their graphs as subsets of
X × R (see [8] or [11]). The bijection vˆ is in fact a homeomorphism on C(X) under most function space topologies, such
as the topology of pointwise convergence, the compact-open topology and the ﬁne topology. Unfortunately, vˆ may not be a
homeomorphism under the uniform topology on C(X) that we are using, as the following example shows.
Example 3.2. Let X = R, and let f0 be any positive unbounded function in C(X). Deﬁne ﬁber homeomorphism v on X × R
by
v
(〈x, t〉) = 〈x, f0(x)t
〉
for all 〈x, t〉 ∈ X × R. Let f = 1/ f0, which is in C(X), and note that vˆ( f ) is the constant 1 function on X . To show that
vˆ
(
B( f , δ)
)
 B
(
vˆ( f ),1
)
for any δ > 0, let δ be any positive number and let x0 ∈ X with f0(x0) > 1/δ. Then if g ∈ C(X) is deﬁned by
g(x) = f (x) + f (x0)
for all x ∈ X , we have
vˆ(g)(x0) = f0(x0)
(
f (x0) + f (x0)
) = 2 = vˆ( f )(x0) + 1.
This shows that vˆ is not continuous at f with respect to the uniform topology on C(X).
We now consider just those vˆ that are homeomorphisms on C(X) with the uniform topology on C(X). We call a member
of H(C(X)) a vertical homeomorphism on C(X) provided that it is equal to vˆ for some ﬁber homeomorphism v on X × R.
The term “vertical” refers to the fact that only the second coordinate is changed under vˆ when identifying each function
in C(X) with its graph as a subset of X × R. Since the composition of two ﬁber homeomorphisms on X × R is a ﬁber
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subgroup the vertical subgroup, and denote it by V(C(X)).
Now V(C(X)) contains the translation subgroup T (C(X)), so that V(C(X)) is homogeneous enabling. To show that
V(C(X)) is also strongly locally homogeneous enabling, let us observe that R is itself strongly locally homogeneous. In
particular, if r ∈ R, ε > 0 and s, t ∈ (r − ε, r + ε), let p(r, ε, s, t) be the homeomorphism on R that is ﬁxed outside of
(r− ε, r + ε) and that maps [r− ε, s] and [s, r+ ε] linearly onto [r− ε, t] and [t, r+ ε], respectively. Then if f0 ∈ C(X), ε > 0
and f , g ∈ B( f0, ε) in C(X), let v be the ﬁber homeomorphism on X × R deﬁned by
v
(〈x, r〉) = 〈x, p( f0(x), ε, f (x), g(x)
)〉
for all 〈x, r〉 ∈ X ×R. So vˆ is a member of V(C(X)) that takes f to g and which is ﬁxed outside of B( f0, ε). This shows that
V(C(X)) is strongly locally homogeneous enabling. Therefore, if F and G are the vertical subgroups V(C(X)) and V(C(Y )),
respectively, then F and G satisfy the Correspondence Theorem. This is also true for any subspaces F and G that contain
V(C(X)) and V(C(Y )).
3.5. The horizontal/vertical subgroup H/V(C(X))
Since there are vertical homeomorphisms on C(X), one would think there must also be horizontal homeomorphisms on
C(X). In fact, here is how they can be deﬁned. Each homeomorphism h on X induces a bijection hˆ on C(X) deﬁned by
hˆ( f ) = f h−1
for all f ∈ C(X). This bijection hˆ is a homeomorphism on C(X) under most function space topologies including the uniform
topology that we are using. We call a member of H(C(X)) a horizontal homeomorphism on C(X) provided that it is equal to hˆ
for some homeomorphism h on X . The term “horizontal” refers to the fact that only the ﬁrst coordinate is changed under hˆ
when identifying each function in C(X) with its graph as a subset of X ×R. Since the composition of two homeomorphisms
on C(X) is a homeomorphism on C(X), the set of horizontal homeomorphisms on C(X) is a subgroup of H(C(X)). Then
we call this subgroup the horizontal subgroup, and denote it by Hor(C(X)).
Now Hor(C(X)) is an example of a nontrivial subgroup of H(C(X)) that is not homogeneous enabling. For example, if f
and g are constant functions in C(X) with different constant values, then it is clear that hˆ( f ) = g for any homeomorphism
h on X . So if F and G are the horizontal subgroups of H(C(X)) and H(C(Y )), respectively, then F and G do not even
satisfy the Weak Correspondence Theorem.
Let H/V(C(X)) denote the subgroup of H(C(X)) generated by the union of Hor(C(X)) and V(C(X)). Then we call this
subgroup the horizontal/vertical subgroup, and we call the elements in it the horizontal/vertical homeomorphisms on C(X). If
F and G are the horizontal/vertical subgroups of H(C(X)) and H(C(Y )), respectively, then since they contain V(C(X)) and
V(C(Y )), they satisfy the Correspondence Theorem. This horizontal/vertical subgroup H/V(C(X)) is related to the monotone
subgroup M(C(X)) given as the next example.
3.6. The monotone subgroup M(C(X))
Here we use the partial order on C(X) given by f  g means f (x) g(x) for all x ∈ X , and also the strict partial order on
C(X) given by f < g means f (x) < g(x) for all x ∈ X . A homeomorphism h on C(X) is increasing (decreasing, respectively)
provided that if f , g ∈ C(X) with f  g then h( f )  h(g) (h( f )  h(g), respectively); and h is strictly increasing (strictly
decreasing, respectively) provided that if f , g ∈ C(X) with f < g then h( f ) < h(g) (h( f ) > h(g), respectively). Also h is
monotone (strictly monotone, respectively) provided that it is either increasing or decreasing (strictly increasing or strictly
decreasing, respectively).
For the moment, let us work with the strictly monotone property. Note that every horizontal homeomorphism on C(X)
is strictly increasing and therefore strictly monotone. On the other hand, if X is not connected then a vertical homeomor-
phism on C(X) may not be strictly monotone. However, a vertical homeomorphism on C(X) does satisfy the following
generalization of the strictly monotone property. Deﬁne a bijection φ on C(X) to be strictly bimonotone provided that there
is an open partition {Xi, Xd} of X such that for every f1, f2 ∈ C(X),
f1|Xi < f2|Xi if and only if φ( f1)|Xi < φ( f2)|Xi
and
f1|Xd < f2|Xd if and only if φ( f1)|Xd > φ( f2)|Xd .
Both the horizontal and vertical homeomorphisms on C(X) are strictly bimonotone.
Now the composition of two strictly bimonotone homeomorphisms on C(X) is a strictly bimonotone homeomorphism
on C(X), so the set of homeomorphisms on H(C(X)) that are strictly bimonotone is a subgroup of H(C(X)). This subgroup
is called the monotone subgroup, and is denoted by M(C(X)). The horizontal/vertical subgroup H/V(C(X)) is a subgroup
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respectively, then F and G satisfy the Correspondence Theorem.
To help us determine when M(C(X)) = H/V(C(X)), let us now consider the monotone property. Like the strict mono-
tone property, the monotone property has a generalization (given in [7]) that is satisﬁed by the vertical homeomorphisms
on C(X). A bijection φ on C(X) is called bimonotone provided that for every f1, f2 ∈ C(X) with f1  f2 and for every
f ∈ C(X), it is true that f1  f  f2 if and only if
min
{
φ( f1),φ( f2)
}
 φ( f )max
{
φ( f1),φ( f2)
}
.
One can show the following relationship between the bimonotone property and the strictly bimonotone property.
Proposition 3.3. For a binormal space X, φ is a strictly bimonotone bijection on C(X) if and only if φ is a bimonotone homeomorphism
on C(X) with the ﬁne topology.
Because of the ﬁne topology on C(X) in Proposition 3.3, the following theorem applies. This theorem comes from
Lemma 2.14, Proposition 2.15 and Corollary 3.4 of the Factorization Theorem in [8].
Theorem 3.4. Let X be a Cˇech-complete binormal space. Then for each homeomorphism φ on C(X) with the ﬁne topology, φ is
bimonotone if and only if it can be uniquely factored as φ = vˆ1hˆ and uniquely factored as φ = hˆ vˆ2 where h is a homeomorphism on X
and v1 and v2 are ﬁber homeomorphisms on X × R. (Here hˆ, vˆ1 and vˆ2 are homeomorphisms on C(X) with the ﬁne topology.)
When X is a pseudocompact space, the ﬁne topology on C(X) is equal to the uniform topology (see [6]), so an induced
vertical bijection vˆ is always a homeomorphism on C(X) with the uniform topology that we are using. So the ﬁrst conse-
quence of Theorem 3.4 is that M(C(X)) = H/V(C(X)) whenever X is a normal pseudocompact Cˇech-complete space, such
as if X is compact.
The second consequence of Theorem 3.4 is that for a normal pseudocompact Cˇech-complete space X , although horizontal
and vertical homeomorphisms on C(X) may not commute, nevertheless, the composition of any number of members of
H/V(C(X)) can always be uniquely factored in the form vˆ1hˆ and uniquely factored in the form hˆvˆ2. In other words, for
such a space X , each member of the horizontal/vertical subgroup of H(C(X)) can be uniquely written as the composition of
a horizontal homeomorphism followed by a vertical homeomorphism, and can also be uniquely written as the composition
of a vertical homeomorphism followed by a horizontal homeomorphism.
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